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Introduction

WELL-KNOWN methodology for deriving equations of mo-

tion for dynamical systems is Kane’s method. A close relation-
ship between the method and those of D’ Alembert and of Gibbs and
Appell has been noted in the literature."> The impulse—-momentum
approach to modeling impact was adopted by Kane® in a general
form for both holonomic and nonholonomic impulsive constraints.
The basic assumption in the approach is that the duration of the
impact is very short compared to the time interval of the motion, so
that the impact can be considered a discrete event, and the change
in the configuration of the system during impact is ignorable, al-
though the changes in velocities of the system components can be
significant.* This allows converting the differential equations that
govern the dynamics of the system to algebraic equations, by inte-
grating the equations in velocities over the infinitesimal time period
of impact.

The relationships between the velocities before and after impact
are given by an experimentally evaluated constant that is dependent
on the material and the geometry of the collided bodies and the
surfaces of collision, called the coefficient of restitution.’

The impulse-momentum approach to modeling impact was ap-
plied to different modeling methodologies. An example is the
method of coordinate partitioning,® where the acceleration form of
constraint equations is utilized to eliminate dependent acceleration
variables in favor of independent acceleration variables to derive
minimal equations of motion. Another example is the Hamilton
equations of motion.”

The impulse—-momentum approach was followed successfully in
the area of multibody system dynamics to model the intermittent
motion of both rigid® and flexible® systems, but it is interesting to
notice that using the approach for multibody system dynamics in the
context of Kane’s equations of motion was not done until recently.’

In this Note, the impulse-momentum approach is extended to the
nonminimal nonholonomic form by explicitly including the effect
of nonholonomic constraints on the rapid changes of the generalized
speeds.

The nonminimal form of the equations of motion provides a con-
venient way to analyze the intermittent motion of both nonholo-
nomic systems and complex holonomic systems with numerous
configuration settings but relatively low numbers of degrees of free-
dom. The latter case pertains to analyses in which pseudogeneralized
coordinates (i.e., additional configuration variables) are needed to
facilitate the formulation, and hence more holonomic constraints
are added.

In the next section, nonholonomic generalized impulses and mo-
menta are defined and are related to their holonomic counterparts
by means of the constraint matrix.

Received 18 December 2003; revision received 23 June 2004; accepted
for publication 1 July 2004. Copyright © 2004 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0731-5090/04 $10.00 in
correspondence with the CCC.

*Graduate Student, School of Aerospace Engineering; gt5158a@
prism.gatech.edu.

TProfessor, School of Aerospace Engineering; dewey.hodges@
ae.gatech.edu. Fellow ATAA.

*Professor, George W. Woodruff School of Mechanical Engineering;
yehwa.chen@me.gatech.edu.

Generalized Impulse and Momentum

An inertial reference frame R is considered, in which n general-
ized coordinates are used to describe the configuration of a set of v
particles and y rigid bodies forming a nonholonomic system S pos-
sessing p degrees of freedom. Let R; be the resultant active force on
the ith particle, P;. The resultant active forces on the ith rigid body,
B;, are equivalent to a force Z; on a point Q; on B;, together with a
torque T;. Also, let #; and 7, be the initial and final instants of time
that are close enough so that the generalized coordinates ¢; . .. g,
can be considered as constants throughout the interval bounded by
t; and 1,. The rth nonholonomic generalized impulse j, is defined
as the integral of the rth generalized active force over [t;, #;] (see
Ref. 4):

n
i,(q,u,z1>=/ F.(q,u,1)dt, r=1,....,p (1)
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where 17:3 . are the rth nonholonomic partial velocities of P; and
Q;, respectively, and (Z:f" is the rth nonholonomic partial angular
velocity of B; (see Ref. 4). Alternatively, the rth component of the
holonomic generalized impulse can be defined for the system S us-
ing the holonomic partial velocities of P; and Q; and the holonomic
partial angular velocity of B;, denoted by vFi v and w?, respec-
tively. It takes the same expression as Eq. (2) with the tildes removed
from above the symbols, where r =1, ..., n (see Ref. 4). The sys-
tem is assumed to be simple nonholonomic; that is, the generalized
speeds satisfy the relations

P

P
up+,=ZA,sux+B,, r=1,...

s=1

where the scalars A, and B, are functions of the generalized coordi-
natesqi, ..., g, and t. By using the relation between the holonomic
and nonholonomic partial velocities and partial angular velocities
given by*

n—p
B =T+ Rl A, r=1,...

s=1

P @)

n—p

R~f=wa+ZRw§ﬂAs,(q,t), r=1,...

s=1

,p (5
Equation (1) can be written as

5] n—p
Z,(q. u, r1>=/ [F,.(q, )+ Y Fpei(gu, DAL, r)] dr
n

s=1

©)
n—p

=T.(q,u,1) + Y _ Tps(q, u, 1) A(q, 1)

s=1
r=1,....,p (1)

Remark: If the dynamical system is holonomic or constrained by
simple nonholonomic constraints, then the constraint matrix A is
only dependent on the generalized coordinates ¢y, . . ., g, and t and
is independent of the generalized speeds uy, ..., u,. This implies
that A can be regarded as constant in the interval [#,, #,] during the
evaluation of the generalized impulses and can be taken to be its
value at the interval entry, t =1t,.
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The rth nonholonomic generalized momentum P, is defined as

v
*

Pr(q.u) = Zﬁff L" +iﬁf" LB +i&ff -HBi

i=1 i=1 i=1

r=1,....p 8

where L7, L% and H? are respectively the linear momentum of the
ith particle, the linear momentum of the ith body, and the angular
momentum of the ith body of the system. Therefore,

v 13
= ~P: ) B *
Polg )= mpil i@+ mpd v @)

i=1 i=1

"
+ Y @k Wi, r=1,....p ©)

i=1

where m p, is the mass of the ith particle P;, mp, is the mass of the
ith body B;, B} is its center of mass, and I% is its central inertia
dyadic.

The use of the full set of generalized speeds in the expressions
of velocities and angular velocities of the particles and bodies com-
posing a nonholonomic system makes it feasible to introduce the
rth holonomic generalized momentum P,, which can take the same
expression (9) with the tildes removed from above the partial veloc-
ities and partial angular velocities, and with » =1, ..., n. Similar
to the generalized impulse, the relations (4) and (5) between the
holonomic and nonholonomic partial angular velocities and partial
velocities can be used to obtain the nonminimal representation of
the nonholonomic generalized momentum

n—p
Po(g 1) =Prig, 0+ Y Ppes(@WAy(g, 1),  r=1,....p
s=1

(10)

Nonminimal Impulse-Momentum Relations

Both the holonomic and the nonholonomic generalized momenta
can be related to the generalized inertia forces of system. The rth
generalized inertia force of the particles and bodies composing a
nonholonomic system is given by

- ~ dL® s dLP
Frgouinn ==Y 50 S Y5 &0
dr — dr

i= i=

, r=1,...,p (11)

If this expression of 1:"; is integrated from #; to 1, with #; &, such
that the configuration of the system is invariant in the period [#;, #,],
then the partial angular velocities and partial velocities of the par-
ticles and bodies comprising the system are considered to be con-
stants, as these quantities are dependent on the generalized coordi-
nates, and independent of the generalized speeds. Therefore, Eq. (8)
can be used to write this integral as

f' F g, u i, t)dt = P,lq, u(t)] — Prlg. u(t)]

r=1,....p (12

The equations of motion for impulsive motion are

[0}
f [Frg.u.0+F(qui,n]d =0,  r=1...p

t
‘ (13)
From Egs. (1) and (2), these equations become

Z(q,u, 1) = Polg, ut) = Prlg,ut)l, r=1,...,p
(14)

From Egs. (7) and (10), Egs. (14) can be written as

n—p
Pr[q! u(tZ)] + pr+s[q! u(tZ)]Axr(q7 tl) = Pr[qv u(tl)]

s=1

n—p

+T,(q u,0) + Y (Pyislg, u()]

s=1

+Z,44(q,u,t1)}As(q, 1), r=1,...,p (15)

Constraints Effect on Impulsive Motion
Let

w=luy-u, )" = [l b’ (16)

where u; = [uy -+ u,]" andup=up.1---u,]”. Then, the matrix
representation of Eq. (3) is

up = Alg,Hu; + B(q, 1) an
where A e R"~P*? B cR"~” Equation (17) can be written as
Ai(g,u = B(q, 1) (18)
where
A =[-A ] (19)

To obtain the effect of constraints on the impulsive motion, Eq. (18)
is evaluated at ¢, and 1,, and the evaluations are subtracted from each
other, which yields

Ailq (&), Llu(r) — Ailg (1), tilu(t) = Blq (), 2] — Blg (1), 1]

(20)
It is assumed here that the matrices A and B depend on time only
implicitly through g(¢). This implies that the effect of constraints
during the impulsive motion of the dynamical system is such that

Ailg@)]u(r) — Ailg (@) ]u(t) = Blg ()] — Blg()] (21

Because the configuration is assumed to be unchanged in the time
period [#1, t,], the right-hand side of this equation vanishes, resulting
in

AilgD)]u(®) = ¢ (22)

where c is a constant that can be determined from the values of the
generalized coordinates and the generalized speeds at the beginning
of the time interval of the impulsive action.

Impulsive Dynamical Equations of Motion

The nonminimal form of the impulsive equations of motion can
be obtained by using Eq. (15) with Eq. (22). Itis noticed that Eq. (15)
can be put in the form

AP lg, u()] = As(@{Prlq, ut)] +Z,(q, u, 1)}
r=1,...,n (23)
where
Ay =[I A" (24)

F* can be written in the form'”

F*=_Q(4af)'1—l‘(q’ual) (25)

where Q is a symmetric positive definite matrix. Integrating the
expression (25) of F* from t, to t,, and using Eq. (12), the following
equality is obtained:

P[qsu(l‘l)]—P[qu(tz)]=/ F'dt=—/ [Q(q,

1

+L(q,u,t)]dt (26)
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The second term on the right-hand side is negligible because it is an
integral of a continuous function over the infinitesimal time interval
[, 1,]. Hence, Eq. (26) becomes

Plg, u(t)] — Plg, u(2)] = Q(q, Dlu(t) — ut)] 27
Substituting Eq. (27) into Eq. (23) yields
Ax(q@)Q(g, Dlut) —ut)] = Ax(q)I(q, u, 1) (28)

Equations (22) and (28) form the matrix system

|: Ai(q)

0

[u(r) —u@)] = (g, u, 1) (29)
A (@)0(q, tl)] Ax(q)

Remark: The coefficient matrix in Eq. (29) is the same as the
matrix 7 in Ref. 10. The invertibility of T is guaranteed for all con-
figurations and velocities that render the elements of the constraint
matrix A finite. Therefore,

u(ty) = T~'(q,11)E(q, u, tr) (30)
where
T = Ai(q) 31)
Ax(q)Q(q, 1)
E_ |: A(qQu(ty) i| (32)
Ar(LQ(g, tDu(ty) +Z(g, u, )]

Example: Four-Bar Linkage

The four-bar linkage shown in Fig. 1 moves in the vertical plane
and has the dimensions L; =1.0m, L, =3.0m, Ly =L;=2.5m.
The linkage O Q is fixed to the inertial frame R. Two particles P,
and P, have masses m and m,, respectively, and are fixed to two
vertices of the linkage, as shown in the figure. The mechanism is
at rest at ¢; =0.2 rad when the particle P, is struck by a particle
P; that has mass m3 and preimpact velocity v (#;) = 5j m/s. The
coefficient of restitution for this collision is e = 0.8. It is required to
find the resulting impulse forces and the changes in the velocities
of the mechanism due to the impulsive action.

The mechanism has one degree of freedom. Nevertheless, three
configuration variables, g, ¢», and g3, are defined for convenience,
as shown in the figure. The generalized speeds are defined as

up=qiL, (33)

Ui = qi. =23 (34)

Moy

Fig. 1 Schematic for four-bar linkage.

The velocities of the two particles composing the mechanism rela-
tive to the inertial frame R are

RyPr = 1, (cos g1j — singii) (35)
Ryl = upi + us j (36)
such that the partial velocities of the particles are

B =Rl=0 @37

Ryl = (38)

va)' = cosq;j — singqi,
Bir=0,  RP=i

The corresponding accelerations relative to R are
RaPi = [ — iy sing, — (u%/Ll) cosql]i

+[1,'tlcosq1 - (u%/Ll) sinql]j 39)
Ra® = iyi + i3 j (40)
The generalized inertia forces are

—m, %" Ry Ry = 1)
—m R Ryl — my Rl R = —maity (42)
—m %" P —my R R = o (43)

Therefore, the matrix Q in Eq. (29) is diagonal, and its diagonal el-
ements are m, m,, and m,, respectively. Two holonomic constraint
equations relating the generalized coordinates are

4 +q—1L3=0 (44)

Li+qs — /L2 —(ga— Licosq))? — Lysing; =0 (45)

After the constraints are differentiated and letting u; =u, and
up=|u, u3]7,the constraint matrices A and B of Eq. (17) are

A cosq; — Xsing, |—q3 (46)
a — Xq3 9
B = 0 a7
“ o
where
—L
q2 1COS g (48)

\/Lg — (g2 — Ly cosq1)?

The given geometric condition is g; = 0.2 rad. The remaining gen-
eralized coordinates are found from Eqs. (44) and (45) to be

g = —1.9331973 m 49)
g3 = —1.5851649 m (50)

The corresponding value of X is —4.067863, and the constraint
matrix A is

_ {—0.3382039} 1)
0.4124586
The impulse force exerted on the particle P, is
R=FRj (52)
Therefore, the holonomic generalized impulses are
7, =R-™" = Rcosq, = 0.9801R (53)
L=R-™) =0 (54)

Li=R-™' =0 (55)
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Specify m; =m, =1.0 kg, and given that the entry conditions for

the generalized speeds are u; (t;) =0,i =1... 3, the matrices T and

E are
0.3382039 1 0
T = | —0.4124586 0 1 (56)
1 —0.3382039 0.4124586
0
E = 0 57
0.9801R

To apply Eq. (30), it is necessary to solve for R. The coefficient of
restitution e can be used to obtain the relative outlet velocities of
the particles P, and P; involved in the collision in the j direction
as

[P w) =" 0] = =[P =" @)] - (58)

Letting ®v™ = u,, this equation at ¢, = 0.2 rad becomes
uys(t) —0.9801u,(t,) = —0.8(5) = —4 (59)

Setting m3 = 1.0kg, the impulse-momentum relation for the particle
P3 is

—R = m3u4(ty) — maua(t)) = us(ty) — 5 (60)

By eliminating u4(#,) from Eqgs. (59) and (60), R can be represented
in terms of u;(z,) as

R =9 —0.9801u,(t,) (61)

Therefore, the column matrix £ can be written as

0 0 0 00
E= 0 =L o Y| o 0 o0lumr ©2
0.9801R 8.8209 0.98012 0 0

The generalized speeds just after the action of the impulsive force
are

u() =T'E (63)

By substituting the expression (62) for E into Eq. (63) and
solving for u(z,), the outlet generalized speeds are found to be
u1(t2) =3.9290 m/s, u,(t) = —1.3288 m/s, uz(t) =1.6205 m/s.
The impulse R is found from Eq. (61) to be 5.1492 N.

Itis possible to use different numbers of configuration variables to
derive different forms of the impulse-momentum equations. How-
ever, the complexity of the resulting equations increases as the num-
ber of configuration variables decreases. For example, it becomes
very difficult to use one generalized coordinate to derive a mini-
mal impulse-momentum equation for this one-degree-of-freedom
mechanism. Nevertheless, to preserve minimality in the number of
impulse-momentum equations, the mechanism may be treated as
simple nonholonomic by considering the same generalized coordi-
nates and eliminating two of the generalized speeds in favor of the
third. Therefore, if the generalized speeds are chosen as Eqs. (33)
and (34), then the velocities of P; and P, relative to R are given by
Eqgs. (35) and (36). Letting

Uy = u, (64)
Up = |_M2 M3JT (65)

and using the expressions (46) and (47) for the matrices A and B to
eliminate u, and u3, RyP2 becomes

RyPr _ ulcosq. — Xsing,

(=q3i + q2) (66)
a2 — Xqs

Hence, the nonholonomic partial velocities of the particles are
Rf)f‘ =cosqij — singi (67)

5 cosq; — X sin . .
Ry = 2N R i+ o) (68)
9> — Xq3
The nonholonomic generalized momenta before and after the impact
are

Pi(t) =0 )
75l () = mlePl . Rf;fl + mZRva . Rf}f?z

. 2
cosq; — X sing ) 2
=mui(t) +mou ()| ———— ) (g5 +¢q5) (70)
1412 20012 qz_qu3 (2 3)

and the nonholonomic generalized impulse is
L=R-T5" = Rcosq (71)

Evaluating Eqs.(69-71) at ¢; =0.2 rad., the minimal generalized
impulse-momentum equation

Pi(t) — Pi(tr) = 1
becomes
1.2845u,(t,) = 0.9801R (72)

Solving this equation together with Eq. (61) for u; (t,) and R and ap-
plying the constraint equation, Eq. (17), to solve for u, and u3 yield
the same values of the outlet generalized speeds and the impulse
force obtained above.

The two mentioned methods for writing impulse—-momentum
equations are comparable in the required effort and in complexity
of the resulting equations. However, writing all exit generalized
speeds (at r =1,) as an explicit vector field that is dependent on
generalized coordinates, generalized impulses, and all inlet gener-
alized speeds (at # = 1,) is more beneficial whenever the Jacobian of
this vector field is needed. An example is minimizing a function of
exit generalized speeds over the admissible configuration settings
for some known values of inlet generalized speeds and generalized
momenta.

Summary

Based on the assumption of unchanging generalized coordinates
during the action of impulsive forces, the resulting nonminimal
Kane’s impulse—-momentum equations appear in an algebraic form.
The equations can be used either to study the effects of impacts
or to study the effects of sudden activations of holonomic and/or
nonholonomic constraints. In the first case, the coefficient of resti-
tution is used to provide an additional kinematic relation to solve
for the impulse. In the second case, the kinematic relation is pro-
vided by the equation of the constraint that is being activated. In all
cases, the equations are used in a discrete manner to describe the
“no-transient-time” change in velocities.

The nonminimal impulse-momentum equations form an alterna-
tive way to study impulsive constraints and gain the advantage of
simplicity over the equations presented in Ref. 4 if the difference be-
tween the number of configuration and motion parameters is large.
It also eliminates the need of using nonholonomic partial velocities
to simplify the resulting equations. The explicit representation of
all exit generalized speeds in terms of quantities that are dependent
on all inlet generalized speeds is particularly beneficial in studying
the effects of configuration settings, initial velocities, and impul-
sive loadings on the velocities of various parts of mechanisms and
structures.
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Differentiator-Free Nonlinear
Proportional-Integral
Controllers for Rigid-Body
Attitude Stabilization
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1. Introduction

HE past two decades have witnessed several important devel-

opments in the design of feedback controllers for rigid-body
attitude stabilization (set-point regulation) and maneuver tracking
objectives.!'> However, there still remain certain open problems
in this field that are of great theoretical and practical interest. In
particular, from the standpoint of external disturbance torque re-
jection, there currently exists no unified framework for design-
ing simple control structures inspired from linear control theory
such as proportional-integral (PI), proportional-integral-derivative
(PID), and their variants. The main hindrance, of course, stems from
the fact that the governing differential equations for the kinemat-
ics and dynamics of rigid-body attitude motion are nonlinear in
nature.
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In this Note, we present a novel framework of constructing PI-like
controllers for attitude stabilization without using body angular
rate (velocity) measurements. Our interest in the velocity-free con-
trol framework is largely motivated from practical considerations
wherein the assumption of availability of the angular velocity mea-
surement is not always satisfied because of either cost limitations
or implementation constraints (e.g., tachometers are not available
with all robotic manipulators). The earliest known result in the field
of velocity-free attitude control was given by Lizarralde and Wen?
through the passivity framework. This result utilizes the Euler pa-
rameter (quaternion) kinematics and a passivity filter whose state
enables the construction of the attitude stabilizing controller. The
structure of the filter vector state is shown to be governed through
a stable first-order linear differential equation driven by the vec-
tor part of the quaternion (attitude measurement). Interestingly, the
passivity filter does not have high-pass characteristics and in theory
admits arbitrarily slow bandwidth. Also, for sufficiently small fre-
quencies in the filter’s input signal, the filter output approximates a
pseudo-velocity-like state. However, this is not true for input signals
with higher magnitudes of frequencies.

Subsequent extensions to this velocity-free controller framework
were presented by Tsiotras* for kinematics expressed in terms of the
nonredundant Gibbs vector and the modified Rodrigues parameters
vector sets. Further generalizations to the case of attitude tracking
along prescribed reference trajectories were given by Akella® and
Akella and Kotamraju.

One important merit possessed by all of these passivity-based
schemes is that the underlying velocity-free control law is inde-
pendent of the inertia matrix for the case of set-point regulation,
thereby automatically providing stability robustness in the pres-
ence of arbitrarily large inertia parameter errors. At the same time,
none of the aforementioned results provide room for integral con-
trol action that can potentially help eliminate or reduce steady-
state attitude error in the presence of constant external disturbance
torques. In a recent development, Subbarao’ approached the at-
titude stabilization problem from the nonlinear PID control per-
spective wherein the full-state vector including the angular veloc-
ity was employed for feedback purposes. Even though the control
scheme requires full-state feedback when compared to the passivity-
filter based constructions, this result brings the useful provision
for integral feedback. In terms of robustness with respect to iner-
tia parameter uncertainties, the PID construction of Subbarao’ is
nearly independent of the inertia matrix in the sense that it im-
plicitly requires only prior knowledge on the largest eigenvalue of
the inertia matrix. Attitude control with globally stable closed-loop
dynamics employing the Euler parameters was also discussed in
Ref. 8. The main result in that paper was derived from a feedback-
linearization-like approach, wherein linear attitude error dynamics
was prescribed and the control law was derived to enforce the linear
error dynamics. The feedback control law assumed the knowledge
of the attitude quaternion and the angular velocity information for
implementation.

The fundamental contribution of this Note is the derivation of
a new class of PI controllers for the attitude stabilization problem
without using explicit velocity feedback. This work combines as-
pects of the passivity filter formulations together with the choice
of a Lyapunov function containing cross/mixed terms involving the
various states. The requirement for such cross terms is dictated by
the presence of integral feedback terms within the control law that
cannot otherwise be accommodated within the conventional passiv-
ity filters. As will be illustrated through the subsequent discussions,
the important consequence is that we are able to guarantee global
asymptotic stability for the nonlinear closed-loop dynamics in the
ideal case (zero external disturbances) without requiring any sort
of prior information on the body inertia matrix. Further, through
numerical simulations we will evaluate potential advantages de-
rived through the inclusion of the integral feedback term within the
control law by computing the attitude error convergence in the pres-
ence of unknown (constant) disturbance torques. Local disturbance
rejection is illustrated through a linearization about the nominal
equilibrium point.



